GEOMETRY IN AN »#-DIMENSIONAL SPACE
WITH THE ARC LENGTH

s = f {A:(x, 2")x""s + B(x, 2') | /rdt*

BY
AKITSUGU KAWAGUCHI

Geometry in the manifold K, of line elements of a higher order, that is,
(x,dx, - - - ,d™x)or (x,x’, - - - ,x™), in a space of #» dimensions with a point
coordinate system x%, (=1, 2, - - -, n), was first furnished with its foundation
by the present author.t In close connection with this theory, there are two
important problems. The first is the geometry of paths in this space, that is,
the geometrical study of the system of paths x*=x%(f) which are defined by
the ordinary differential equations of the form

x(m+l)i' + I‘i(t, x, x’, cee, x(m)) = 0’

where x ™ denotes d*x/d#* and ¢is a parameter. The second is a case of metric
geometry in this space, that is, the study of the geometrical properties char-
acterized by a metric which gives as the arc length s of a curve x*=x%(¢)

s = fF(t, x, %, -, x(™)ds.

The first problem is a generalization of the so-called geometry of paths in
a space with a generalized affine connection} x’’¢+T%(¢, x, ") =0, and was

* Presented to the Society, December 28, 1937; received by the editors February 8, 1937, and,
in revised form, August 3, 1937.

A summary of the present paper has already appeared in Proceedings of the Imperial Academy,
vol. 12 (1936), pp. 205-208.

t A. Kawaguchi, Die Differentialgeometrie in der verallgemeinerten Mannigfaltigkeit, Rendiconti
del Circolo Matematico di Palermo, vol. 56 (1932), pp. 245-276; Theory of connections in the general-
ized Finsler manifold, Proceedings of the Imperial Academy, vol. 7 (1931), pp. 211-214; ibid., vol. 8
(1932), pp. 340-343; ibid., vol. 9 (1933), pp. 347-350.

t L. Berwald, Untersuchung iiber die Krii g allgemeiner metrischer Riume auf Grund des in
ihnen herrschenden Parallelismus, Mathematische Zeitschrift, vol. 25 (1926), pp. 40-73; J. Douglas,
The general geometry of paths, Annals of Mathematics, (2), vol. 29 (1927), pp. 143-168; D.D. Kosambi,
Parallelism and path-space, Mathematische Zeitschrift, vol. 37 (1933), pp. 608-618, and E. Cartan,
Observations sur le memoire précédent, ibid., pp. 619-622; D. D. Kosambi, Systems of differential
equations of the second order, Quarterly Journal of Mathematics (Oxford), vol. 6 (1935), pp. 1-12;
W. Slebodzifiski, Sur deux connections affines généralisées, Prace Matematyczno-Fizyczne, vol. 43
(1935), pp. 1-39.
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first propounded by D. D. Kosambi.* Although he derived many interesting
results, his theory seems to be systematically not yet complete, and there are
many irregularities. The present writer and H. Hombu have reconstructed
this theory from another and more general standpoint, by which the irregular-
ities of the theory of Kosambi exhibit themselves.}

On the other hand, the second problem is a generalization of a Finsler
space and there have been many attempts to solve it,{ but it remains yet
unsolved. Recently E. Cartan§ has introduced a connection, which is related
intrinsically with an integral [F(x, v, y’, ¥'')dx, in a plane under the group
of all contact transformations by use of several invariant Pfaffians and
has discussed in detail a special case where the integral has the form
J(Ay""+ B)rdx. This theory of Cartan has been extended by H. Hombul|
to the case where the integral possesses the form [F(x, y, y', ¥/, y""")dx.
These theories give a foundation to the invariant theory of the integral un-
der contact transformations and take the first step towards the general prob-
lem. But unfortunately, by reason of its restricted method which is available
only for a plane, these theories cannot be extended to an #-dimensional space
as they stand. Furthermore it is more desirable to set up the theory under the
group of all point transformations rather than contact transformations.

In the present work it is proposed to establish the foundation of the ge-
ometry in an n-dimensional space with arc length given by the integral
Ji{A:(x, £")x'"i+B(x, x") }V/7dt, by introducing several connections under the
group of all point transformations. Although the integral has a special form,
this would be the second step towards the general problem; and in this special
case many concrete results are obtainable, which may be of interest. The
integrand does not contain the parameter ¢ explicitly, and I shall investigate
mainly only those properties that are invariant under any (analytic) trans-
formation of the parameter ¢, for the reason that only these properties have
geometrical meaning, that is, are related intrinsically to the base curves. This

* D. D. Kosambi, Path-spaces of higher order, Quarterly Journal of Mathematics (Oxford), vol. 7
(1936), pp. 97-104.

t A. Kawaguchi and H. Hombu, Die Geometrie des Systems der partiellen Differentialgleichungen
hoherer Ordnung, Journal of the Faculty of Science, Hokkaido Imperial University, vol. 6 (1937),
pp. 21-62.

1 H. V. Craig, On a generalized tangent vector, American Journal of Mathematics, vol. 57 (1935),
pp. 457-462; J. L. Synge, Some intrinsic and derived vectors in a Kawaguchi space, ibid., pp. 679-691;
A. Kawaguchi, Some intrinsic derivations in a generalized space, Proceedings of the Imperial Academy,
vol. 12 (1936), pp. 149-151; Certain identities in a generalized space, ibid., pp. 152-155.

§ E. Cartan, La géométrie de Vintégrale [F(x, y, y',y'")dzx, Journal de Mathématiques, (9), vol. 15
(1936), pp. 42-69.

| H. Hombu, Invariantentheorie des Integrals [F(z,y,y', y'’, ¥"")dx, Proceedings of the Imperial
Academy, vol. 12 (1936), pp. 156-158; Geometrie des Integrals f(Ly'"'+ M)dx, ibid., pp. 159-161.
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restriction makes the theory somewhat complicated. The theory can be gen-
eralized without difficulty to the case where the integral is of the form

f {Ai(x, o', 2" x5 + B(x, «', &) }V/rdt*
or
f {ai(x, )ai(x, ')x"ix"i + 2b(x, &' )aix" + o(x, ') }V/7ds. }

Chapter 1 is devoted to discussion of the general case, where p#3/2. In
this case there exists a system of paths having the equations of the form
x2'"4+Ti(x, ") =0, which leads to the definition not only of the base connec-
tion but also of a connection C, by recalling the geometry of paths in the
manifold K,®. There is another connection C’ which is stated in Chapter 2
and which has a form similar to that of Cartan in a Finsler space.}

CHAPTER 1. BASE CONNECTION AND CONNECTION C

1. Let us consider an n-dimensional metric space such that the arc length
of a curve x*=xi(¢) is given by the integral

(1.1 s = f {A4i(x, &")a""s + B(x, a')}V7dt,

where x't=dxi/dt, x''i=d%/dt?, and A; and B are differentiable functions
of x¢ and z’%. In order that the arc length should be related intrinsically to
the curve, that is, that it should remain unaltered by a transformation of the
parameter ¢, we must have

(1.2) A,.x/i - 0’
(1.3) 24:5" + (Arwya"* + Bwy)'t = p(4:x"* + B),
where
Ak B
Ak(i) = x'i ’ B(i) = axli .

We shall denote partial differentiation by x’¢ with () and that by x* with ¢
throughout this paper. Equation (1.3) implies

* T. Ohkubo, Base connections in a special Kawaguchi space, Journal of the Faculty of Science,
Hokkaido Imperial University, vol. 5 (1936), pp. 167-188.

t H. Hokari, Die Geometrie des Integrals [(aia;jx""ix'"i42basx’'i+c)'/7dt, Proceedings of the Im-
perial Academy, vol. 12 (1936), pp. 209-212.

1 E. Cartan, Les espaces de Finsler, Actualités Scientifiques et Industrielles, vol. 79, 1934.
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(1.4) Ak(g)x" = (p - 2)Ak, B(.-)x" = pB.

Thus, the 4; are homogeneous of degree p —2 with regard to the x’/, and B
is homogeneous of degree p. From (1.2) it follows, on differentiating by x'4,
that

(15) A.-(,-)x"' = - A,‘.

2. The point transformation y‘=1y(x?) gives rise to the following rela-
tions:

(1.6) y'r = Pryx't Y’ = Pra'"s 4 P’ x'e
where
dy" dx" .oy
Pr=2, Q5= and Pl=—2_.
dx* ay* dx°dx?

Since the arc length (1.1) is a scalar, it can be seen at once that 4, is a vector.
But B is not a scalar and becomes, by the point transformation,

(1.7) B(y, y') = B(x, &) — Ag(x, #)Q:Ppa’'a"".
Besides 4 ; we get two other intrinsic vectors
(1.8) T;' = (Ak(.') - 2A,~(k))x”’° - 2Aux’l + B(.'),

Ei= (Aizy — Ar@)®""* + Aivy — Ak ) x"'x'"*
1.9 + (Aigyx’ — Akanx’ + Ak + Aix — Bayay + Aijaya’)a’’*

+ Aipa’ix'® — Buya' + Bi.
The vector T is the Craig vector*
d OF oF

T;=—2— -+,
dt dx''t 9t

and E; is the Euler vector
d® oF d OF oF

d? 9x’i  dt 9x't  9xf

of the function F=Ax'’i+B. It can be verified easily that

d
(1.10) T:x'i = [J(A,’x"i + B), Ex'i = (1 — p) d_t (4:x"¢ + B).

* See H. V. Craig, On a generalized tangent vector, loc. cit.
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When s stands for ¢, we get the normalized vectors 7' and E* for T and E..
Then we have

(1.10") T¥xi = p, E¥zi=0,
where the dot denotes differentiation by s. Among these vectors there are the
relations
T¢=T; (d_t)"_l - (2p — 3)4: (d_t_)"""f_t_,
ds ds ds?
(1.11) EX=E; (d—ty - (- DT (d—ty_?ft—
ds ds ds?

+( l)A {( 3) d’t)2 dt d%}(d!)”“
? a4 (ds2 + ds ds® ds )

3. If 2p =3, the determinant of the tensor
(1.12) Git = 24y — Axd
vanishes, identically, because

Gux'* = 0.

Now we assume that p3/2, and that the determinant does not vanish iden-
tically; then we have from (1.8)

(1.13) # = — TG = &/t 4 2T,
where
(1. 14) It = (2A.'kx”‘ - B(.’))G” and G,'kG“ = 51!.

The functions I'! are homogeneous of degree two with regard to the z’%. As
the relation Gax'* = (2p—3) A, holds, the last equation of (1.14) shows that

1

(1.15) AGH = a'.
2p—3
From G:G** = §;' we get also
1
(1.15") AGH = — — 2’3,
?
which leads to
(1.16) F = Az,

From (1.14) we obtain further
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1.17) 2I''4,; = B.

Now we shall introduce, as in a Finsler space, the manifold K.’ of line
elements (x, 2") in the space; and for this manifold (1.13) gives the base con-
nection in our space.*

4. Let v* be a contravariant vector field in K., homogeneous of degree
zero with regard to the x’7, that is, independent of a choice of the parameter ¢.
Then a new vector can be derived from ?* in connection with the base
connection:

ov? dv*

1.18 =—— 4T,
( ) di iz + Ty,

which is an absolute derivative of the vector v* along the curve and is inde-
pendent of transformation of ¢. From (1.18) we can define further the abso-
lute differential corresponding to a displacement from a line element (x, x”)
to a neighboring line element (x+dzx, x’+dx’)

(1.19) 51)‘ = d‘l)‘ + I";,-)(k)vidxk.

This absolute differential remains unaltered by any change of ¢. By any trans-
formation of coordinates I'j,,, are transformed in the same way as the pa-
rameters of an affine connection and are homogeneous of degree zero with
regard to the x’*, that is, they are invariant under transformation of . For
this reason the connection C, defined by (1.19), characterizes the geometrical
properties of our space. It is not necessary, therefore, to take the line ele-
ments (x, x”) along any curve; they can be taken arbitrarily at any point.

On account of the base connection (1.13) we have for a displacement of a
line element

(1.20) sx'i = da'i + T pdwi.
On account of this, we can write (1.19) in the form

i dvt

i o' i .
(1.21) o = —dx + dx'i + Ty (5yvhda

a
dxi 9x'7
dxiV vt 4+ 827V ] 03,

where

* For the base connection reference may be made to A. Kawaguchi, Die Differentialgeometrie in
der verallgemeinerten Mannigfaltigkeit, loc. cit.

t AsxBlijsa vector, we know from (1.13) that I'¥ behave under a coordinate transformation in
the same way as affine connection parameters v;; multiplied by x'ix’*. From this fact it can be con-
cluded that 8v%/dt is a contravariant vector.
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. 0v 9t & 5 k , i 9v*
(1.22) vt = Fyrialewr Ty + T, Viv = Py

which are defined as the covariant derivatives of a vector v%. Vv are multi-
plied by a factor dt/df for a change of the parameter =(¢). For a covariant
vector or a tensor we can define covariant derivatives in the same manner as
in usual tensor calculus, for example,

(123) 8v; = dv; — I‘f.-)(k)vidxk.

In particular we obtain for 4;

k k
(1.24) Vidi = Aij — Aiwl i — Taovnde,  Vidi = 4diiy,
for which the following relations hold:
. . 04 .
(1.25) ®'id; =0,  a'iyv;d; =0, o Ay,

These can be verified without difficulty from (1.4), (1.5), and (1.14).
The covariant differential of a relative tensor v? of weight % is also given
as follows:

(1.26) 5[)'. = dbi + I‘ij)(k)bidxk — kbiP(j)dxi,

where I, =T ;- Hence

‘ Iy’ a4 i A i
vy = Py iatrar Ty + Tawynd — ko Tp,
(1.27) o
Vit = Py .

5. If the components of a vector vi are homogeneous of degree % with re-
gard to the x’/; then they are components of a geometrical object in some
sense. But the év% in the sense of (1.19) have no geometrical meaning. That
is, the 6% are not independent of the parameter ¢ but defined when and only
when a choice of a parameter ¢ is held fixed. In fact, by transformation of
the parameter ¢ one obtains

. AN A\ dt
60 = (_.) vt 4+ hvt (—_) d—,
dt dt dit

which carries no geometrical meaning. Although for such a vector the abso-
lute differential having geometrical meaning cannot be defined, it is possible
to define it when the values of x’’¢ in the considered line element (x, x’) are
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given by any reason,t as we shall now show. Nevertheless it must be noticed
that the covariant derivatives (1.22) of such a vector are surely homogeneous
with regard to the x'i.

Since x’’¢ are known in the considered line element (x, x"), the values of F
and x12° are also determined. For displacement from a line element (z, z’) to
a neighboring line element (x+dx, x’+dx’) it is known that 64 ¢ and
(84;/dt)éx’+ are both scalars. They are varied by transformation of ¢ as fol-
lows:

do
(04 :x121%); = oP8A4 ;2120 + (f — 2)o? Fdo — Up_z—d';_A.‘axl",

(BA‘a ") D45 b (p — D02 S A et — giFa
— t = —_— 1 -— —Z 5 x R ,
dt ? i ’ 4 T 7 7
where o =dt/di. Accordingly one gets

d
N’ + pda')” = Nida' + b’ — —

(2

where

1

A.‘ = xlzlkViAky
(» — (@ — dF
1
B = a2k (p — DAriy + Aiw }
, - DG - IF
since
Adxt + pidx’t = ! {(p—-Z)xm‘&A ; + i 6x"'}
(» — D — 3F di

when p#1, 3. Then one obtains as the required absolute differential
(1.28) i = ovt + hoi(\;dx? + udx'd),
accompanied by the covariant derivatives

3

Vi = v + vixl?ky A4,
-1 — 3)F
(1.29) (# )iﬁ )
VAo = vl ikl (p — DAriy + Adiao ),
¥ Jvi 4 =D = 3)va {0 = Drip i}

since

(1.30) & WVidy = 0, {6 — DAriy + A} &' = 0.

t For example, if one considers an absolute differential adjoint to a curve touching the line
element (x, '), one can take x’'¢ along the curve as the associated one.
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F*'»8vi are independent of a change of the parameter ¢. For x’¢ equation
(1.29) yields

o*x'd . 1 . )
= xu]l + _— lAk(i)xn]"x[z]l.

(1.31) dt (p — 3)F

If v¢ be defined in the manifold K, of line elements of the second order
(x, x”, ") and go into o v by transformation

&= ox't,

do

S0 — 02xi/,~+o_71_x/i’
t

X

then it is very easy to derive 8v¢, which goes into ¢*8v¢ for the same trans-
formations:

i i i i ko
(1.32) v =dv + I‘(,-)(k)v'dxk - -;vd log F.

6. Displace a line element (x, 2") parallel to itself in the sense of the base
connection on its direction. A curve is obtained, which satisfies the differential
equations

(1.33) xl2i = 0,

that is,
&'t 4 2T = 0.
These differential equations define a system of paths in our space, but these
paths are not extremal curves of the integral [Fl/»dt, unlike those in the
Finsler space. They are minimal curves, for along them F =0 holds. But it is
to be noticed that minimal curves do not always satisfy (1.33).
The equations in (1.33) in any parameter ¢ become

% 4 2% = pa'i,

where p is a function of . We shall refer to a parameter ¢ as affine length, if it
makes p equal zero. It is determined except for a linear transformation
i=at+b. If we confine ourselves to affine length, the discussion in §6 is
superfluous.
Considering the covariant derivatives of a vector »? along any path, we ob-
tain from (1.22)
i ov vt

(1.34) Voo = — i — 2

i i g
dxi api L T Tav,

as 8x'¢=0. Particularly it is known from (1.25) that



162 AKITSUGU KAWAGUCHI [September

(1.35) Vod: = 0.

The paths are formally the same ones as those in the space with a general-
ized affine connection. There is, however, a difference in that in our space
there is an intrinsic covariant vector A4; besides the functions I'¥, and our
space is characterized by both quantities 4; and I'\. We can develop the
theory of curvatures, treat the equivalence problem, and so forth, by slight
modifications of the methods employed in the geometry of generalized paths.

7. Computing the parenthesis of Poisson for the covariant derivatives, we
find the curvature tensors as follows:

i i 1 A
ViV — VaVi)» = — Rimuv + K Viv,
(1.36) ) eeg 1
(ViVi —ViVi)y = — Bjuv,
where we put
B = Tihwmw,
i ayn  Twym h i h i
Rin = ont ami +Twymlmm — Towlomm
(1.37)

h % h %
+TanTowme — TmTome,

i ol OTa
K,‘k — (€)] (k)

h i h 3
+Thlwm — TmTkhm-

dxk ox?
It is not difficult to find the relations satisfied by these curvature tensors.
They are
Rii' + Rii' =0,  Ru' + Ruj + Rij' =0,
(1.38) Ki' = Ru'e",  Buiat=0,
R,ut = K;';(z) = Vz'K;':-
The identities of Bianchi are now expressed by
VoR:mi + KoiBii = 0,
(1.39) 2vuBim + ViR =0,
VK = 0.

The invariant theory under transformation of the parameter ¢ can also be
developed by the fundamental descriptive invariants of Douglas*

* J. Douglas, loc. cit.
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8t o'

§ i rip P

g = Tipow — —— Ty — Ciha — x"Bw ,
n+1 n+1 n
veeg i
(1.40) Diu =M.,
0%t & ..
1 * 1 k keooch l Keeoh
SR,-u =R ikl — hly — " khj 5
— n—

where R*;;* denotes R ;' formed with the II’s in place of the I's.
8. The conditions

(1.41) B =0, Rm =0

are necessary and sufficient in order that it may be possible by transformation
of coordinates to reduce the differential equations of the paths in the space
to the form x’’¢=0, accordingly to reduce the curve length to

s =f(A;x”")1“’dt.

If moreover A =0, that is, if the 4; are linear homogeneous func-
tions of x'7,

Aigpx'l = A, Aiy = — A, p =3.

The A;;, are functions only of the «’s. Then we have the curve length

K] =f(A.-(,-)x"‘x")”3dt.

For the two-dimensional affine space, 4;(; are all constants.
The conditions

(1.42) St =0, R =0

are necessary and sufficient in order that there may exist a coordinate system
together with a parametrization such that the differential equations of the
paths have the form x’'i=0.

For the equivalence problem we have without difficulty the theorem:

THEOREM. A necessary and sufficient condition for the equivalence of two
spaces is that there exist an integer N (= 1) such that the first N sets of following
equations are compatible considered as equations for the determination of y* and
Pjias functions of the independent variables x*, and all their solutions

yi = yi(x), Pji = ¢;i(x)
satisfy the (N 41)st set of the equations:
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ZP‘—A,,
B:klPPPt—'Bnt Pu;

i k1

1klPPPt—Rrot Pu,

—

VAPP = vid,, VIA.PIP, = v! A,
h_i_k

VaBu PoP P¢P., = V,B.ia P,
2. | VB PiPIPP. = v! B, Pl

ceei_h k ceew %
ViR ki P,P.’P,P = V,Ruis P,
i_h_ 3 _k

Vi Rt PrPIPP. = V! Rii P,

Furthermore normal coordinates can be defined, and the replacement
theorem also can be proved.

CHAPTER 2. THE CONNECTION C’

9. We shall now proceed to define another connection in our space. In a
previous paper* the author has proved the theorem:

Let ®; be a covariant tensor of order m, that is, dependent upon xi,
x'i, - - -, &7 then n quantities

[m_ 1 ™ (a\ 0b; doeol
HOOEDY <,,) :

a=p ax(“)’ dta—p

for a fixed positive integer p (Sm) are the components of a covariant vector,
provided that v' is a contravariant vector.

In consequence of this theorem one can deduce from a vector ¢ the follow-
ing vectors:

dvi
2.1) - DE-I,'](T)vi = 2G;; I + Giraya” ¥o? 4 2Tay0?,

1 i do* "k k
(2.2) D.',-(E)v’ = 3H.~k— + Laxx""v* + M 0%,
L 2k ., ok
(2.3) D;i(E)vi = 3H1k— + 2(Laex't + M.k) -
+ (Hauwm*""" + Ham(k)x"’x"’ + Mijaa"i + Piay)vk,
where

* A. Kawaguchi, Some intrinsic derivations in a generalized space, loc. cit.
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(2.4) I‘,~ = G;;,l"" =

’
kX k;

— M
20— 1)
(2.5) H;. = Ay — Arsy, Lar = Hagy) + Haeqy,

(2.6) Ma = Aignad” — Aran®” 4+ Ari + A — By + Aiina’?,
(2.7) P,' = A.-j;x’ix" - B(.‘)zx,l + B;.

It can be verified easily that the following relations hold:

- Dy (D)« = (p — DT,
(2.8) — Dij (B)x'i = (p — VT,
Di(E)x'i = (p — 1)E..
10. Suppose now once more that p3/2. Then we have from (2.1) an ab-
solute derivative along a curve

1] . dv’ hi " !
D, v = yy + G*(3Grryx”* + Thy)vt.

Since
GH(AGuwma"* + Thwy) = $6"Grray(2”7* + 2T%) + Ty,

the absolute differential of a vector corresponding to a displacement from a
line element (x, ’) to a neighboring line element (x+dx, ’+dx’) is obtained
without difficulty. We have

(2.9 DUyt = dvi + Ty (*da’ + GHGrimv*oa’?,

which reduces to (1.19), when 82’/ =0.
The absolute differential (2.9) is, however, not invariant under transfor-
mation of £, because

(2.10) GHGrueyr'* = (2p — 3G 4wy — &F
does not vanish in general. When and only when
(2.11) (p — DAiy = Ary,

(2.10) does vanish identically, and (2.9) is independent of transformation of .
11. If we adopt the notations

Liji= Ao +4ios + (0 — Ddihw,
Ju = Ay + (p — DAdiy;
it will be easily inferred from (1.4) and (1.5) that

(2.12)

Iz;;x/i =0, Jux'i = 0, Iz,’,'x'j = (ﬁ — Ty,
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Hence the tensor

(2. 13) = (? - 3)leIz,'.' + Gf’.‘(,')Ju
satisfies the relations
~k . ~k .
(2.14) Chai=0, Cumi=0
We shall now put
k 1 ~k
Cij=—C.j, # 3,
(2.15) 7S TR U
= é’.‘;’j, p= 3.

The tensor C’, is constructed from only 4; and is independent of B. With
the help of the tensor C%, an absolute differential can be defined

(2. 16) St = dvt + P:,') (k)v"dx" + C‘ ,~kv"6x”‘,
which is invariant under transformation of the parameter ¢. The connection
characterized by 4, I'¥, and C*; will be referred to as the connection C’. The
torsion* of this connection is C%;, and for »*=x'¢ (2.16) gives us the base con-
nection (1.20).

12. The covariant derivatives referred to the connection C’ possess the
form

‘ dv* 0 : E o~ i dvi
(2.17) Ve =T 'é;,Tr(i) +Twmy , Viv = pw +C s
and we have
ViVe — VkVi)v‘ = - ﬁ;';c;ivl + K}}fﬁ{ vi,
(2.18) v - gk’Vi)v‘ = — E,u'vl + Cfiszvi,
@F — T = — Py — 2C uaWio,

where

Rt = Rt + KnClm, ‘

B = Twmm + Culum — % + Cfl(kh)rti)
(2.19)

: h A i
= TwmiCo + TiyaoCom,
Py = c Lty — c: weiy + C. hkc 1 — C. MC 1k

are the curvature tensors.

* See Cartan, Les espaces de Finsler, loc. cit., p. 32.
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Consider the differential forms

dx , w = da'i + I";,-)dxi,
(2.20) w; = Thmds + Claw';
then we have the equations of structure* of the connection C’:
[4507] = Claldz'a"],
2.21) @) + [op'] = — 3K [4'a5"] — Clymloa'],
@) + [owj] = — 3Ry [d2'd="] — By [d2'0'] — 4Pi [0'w'].
The identities of Bianchi are now expressed by

cof awreeg

V[hR:k]l + thsz]lr =0,

2voBin + ﬁl,thk + Pk th =0,

(2.22) R

2V mBixii + VePimi = 0,
v [»P,m =

The equivalence theorem can be proved, but we shall forego the details
here.
* See Cartan, loc. cit., pp. 32-36.
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